Simple Seed Architectures for Reciprocal and Square Root Reciprocal by Ercegovac, Milos et al.
HAL Id: inria-00070298
https://hal.inria.fr/inria-00070298
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Simple Seed Architectures for Reciprocal and Square
Root Reciprocal
Milos Ercegovac, Jean-Michel Muller, Arnaud Tisserand
To cite this version:
Milos Ercegovac, Jean-Michel Muller, Arnaud Tisserand. Simple Seed Architectures for Reciprocal









   



















ap por t  
de  r ech er ch e 
Thème SYM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Simple Seed Architectures for Reciprocal and Square
Root Reciprocal
Milos Ercegovac, Jean-Michel Muller and Arnaud Tisserand
N° 5720
October 2005
Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38334 Montbonnot Saint Ismier (France)

































FlrXum no}   ZudfZ.Z
eimq~u~













 ¸ = ¶  














b k(0p%Gl9k(0p*:pSlGh969JOt]0P]@ek y lGh969JB
u* DF454{A>OGf!DE4525>^ZMK  ~ wu lGhF69JVGRPk:
  t¡D¢sG*£@Z¤Ot*¥OO¡DO¢¦+¡(i§t¥
c k(0p%Gl91 1





Z=dgdgludSº ¥ l?~!ewno}Xy¦§El?no}Ae"Cn   nqdfnl}¬~y}X¬dwp?rE~yuwZ(uwlAle.~ugZhly¨ewZ}FZugluwYhZ=






























egl?uIn}dfn¤Z"~}XÉKÊsË dfFZZ=nYsugl   ZYZ}Ae=¡
TVUsnqdClC
rXYhZS}Aendl?ugA~y}sn¤Z=)~dklmml!id¡ TVUsZjX~°c?ugl?rs}X©l?} Cn   ndgnl} ~}X dgpArX~ugZuglcle


















  '(" +*&
  "!$#&%('*),+.-0/2143456'7)98%(!:;/<%;=>'*)
TVUXZ ½iZSVegl?}C¦§M~ysUXdgl} ~mo?luwn£ewUsYZ   ~ymrX~!ewZSd~©rs}E0egnl}3jcb noegZSuw~yegn   ZSmob noYsuwl   no}X­~y} n}snoegnq~ym
~ssuwl«ªCnoY~!ewnol?}±¡kTVUXnd+~mo?luwn£ewUsY nqd.jX~dgZS l}~Z}XZu~ymYZ
egUXlc ewlljCe~yn}¬~dgno}s?moZ¤SZuwl@? l
rX}X0ewnol?}BAo²n5¡ Z?¡oºCA2DE?2F*G Ê~}X@AIHJDE?2FLKG ÊKº
¡&¬§·NM(ndmolAdfZ.Z}Xlrs?UewlO?%ºCewUsZ.lmmol!n}snoegZu~!ewnol?}
l}   ZSug?ZSdegl!V~yusdP?}±
·CQSRTUG ·CQ$V A2D ·CQJFA H D · Q F ²´Ì#º







¬ } luCZu(egldfFZZ=©rs)ewUsZl   Zu~ymmlYsrCe~!egnl}»ºegUsZ&®Xudzen£ewZu~!ewnol?}Xd"ewUX~!el}smbsuwl   nqCZ~
  Zuwb dgY~ymm¢}crsYkjEZSu&l.jXn£ed&l(~S








¬ }ZS}sZu~ym5ºcjAbrEdfn}s~y}n}snoegnq~ym±~ssuwl«ªcnY~!ewnol?}n£ewU~kuwZmq~!egn   Z¢Zuwugl?u%}XlyeuwZS~yegZu%egUE~y}Æ(dCe9º



































	 				 "!"	 #%$ &$ '( *)+$ 	"!, !	 ,$  






	rXdgn}sewUsZ½iZVewl}C¦ i~sUXdgl}noegZSuw~yegnl}jX~?dfZ=l?}egUsZhrs}E0egnl} A2D ·IFUGT
 V	X¡TVUXZ.luwugZ=dfFl}ECno}XknoegZSuw~yegnl}nd,±
· QRTG · QV T V	V T











rsu~blyb[aÇ [o[o^kjsnoewdZ²7dfZSZX­ ¯ °¼luiCZew~ynmqd%º
¡
' (*)+/2:;! -0'P'% 8%(!:;/<%;=>'7)
¾¢nugZ=0egmb"Z   ~morX~yegn}s¸ ,vrXdgno}XMewUsZi½iZSVegl}s¦§i~sUXdgl}(~mo?luwn£ewUsYnoegUkegUsZIrs}X
egnl}A2D ·IF*G ·  V-,
nqd±}Xlye~?lclc^nqCZS~X¡TVUsZ%




egl T2 / ¡vTVUsZ"
l?uguwZSdgFl}XCn}shn£ewZu~!ewnol?}&nqd7±
· QRT GS· Q V T  V,V n
3





e"ewUsZno}Xn£ewn~m   ~ymrsZX·NMjE~dgZS l}©~&Z YhlAdze
dgn}sno®E~}AejXn£edly5,!¡{Mdv~}Z
ªs~yYsmZºyl?}hegUsZ¬§e~y}snrsY suglCZSdwdfl?uSº«ewUsZ6 ¿
7 98:%Mn}XdfeguwrX0ewnol?}n   ZSd
~dgZZ=l?uZ³©µ¹¸ ,^n£ewU~y}~rsu~
bl2[+Ç [6`a³¢jsn£ed² dgZZX­ ¯©°±l?uiCZ
e~ynmdº0¡
<; = =)U=?> /A@CB 'EDGF)'E> =>/HDI01U1U:N'J@=.> /<%;=>'*)




UVU A VR T UVU W GYX[Z]\
^`_
a"b









UVU AWVR U]U W G X

		





 #$	I0 I'+  		
TVUXZ(CZ?ugZSZ
¦³.Yhn}snY~!ª&Flmbc}slYnq~ymlyA2D ·CFG_³©µ¶·n£ewU5· M³ N%Æ:MO²¨egUXZ(u~y}s?Z^legUsZ+Y~}?ewndwdw~
l~ ¥ lA~!egn}s¦5Fln}AeV}crsYkjEZSuºIlYsrCewZSrXdgno}s]~smZ"nd
³¹Ç ÉsÈ6y³7V ÊaÇ È¶· ²5 º
TVUsnqdFlmbc}slYnq~ym¼suwl   nCZ=dV~y}~yssuwl«ªCnoY~yegnl}noegUÉÇ È(jsnoewdl~?
rXuw~?









dgZZ ­ ®sº?X~y?Z -  - °5¡<aMdgno}X.egUsnqdYZ
ewUslCl}sZiS~y}hZ




















molAdfZiegl"ewUsZ   ~morsZL³¹Ç ÈC¡[cl+ewUsZil?moml!no}XfmolAdfZVFlmbc}slYnq~ymF~y}jFZMrEdfZ=eglh~yssuwl«ªCnoY~yegZ ³©µ¶·O±
 D ·IF*G ` Æ V · Æ ²E|Kº





TVUsZ Z   ~ymrX~yegnl} 
lAdze&ly.egUsnqd&El?mobc}sl?Yhnq~ym¢nd   ZSugb dfY~ymm^no} su~
egnq
Z?¡ ¬§e&nqdnmomrXdfegu~!egZ= n}ÄnrsuwZ Ì¡baMdgno}X  dV
l?YsmoZSYZ}AeVegUsZ   ~ymrsZOV9·µ Æ(nqd%l?jCew~no}XZSjcblYsmZYZ}Aewno}s~ymm9jsnoewdVly@·»º
dgUsno¨egZ=l?}sZ¢Fl?dgnoegnl}ewl(ewUsZ.ugnUAe=ºc~}X~?sCn}s~P³^no}egUsZ[(u ElAdfnoegnl}»¡{¢dG· M³ N%Æ:Moº?egUsZ^®Xudze
jXn£eil@·nqdR³(²7~!eiFl?dgn£ewnol?}Êsº0¡¬§egUsZ"jsn}X~ugbuwZXugZ=dfZS}?e~!ewnol?}ly&·nd_D¤³¹Ç ·ITi· n,· 4 Ç,Ç7Ç¤· e F>nºCegUXZ}egUsZjXno}X~ugb"ZªCX~y}Xdgnl}(lV9·*µ Æ¢nd,D¤³¹Ç Ê ·$T · n · 4 Ç7Ç7Ç · e FnVsmorEdG³[(u^¡[cl^egUsZlYsrCe~!egnl}hlyI`sµ¹Æ<V·*µ Æl?}smbhl?dfewdl?}sZM~uguwb(Xugl?X~yA~!egnl}
l?uguwZSdgFl}XCn}s^egl+egUsZ^~sCnoegnl}E~ymO³ [(u^¡?TVUXnd°An}Xl±~   ZSugb
dgnYhXmoZ.FlmbA}XlYn~m±~ysXugl«ªCnY~yegnl}&I~?d%Xugl?ElAdfZ=n} ­ #°§¡
¬ }+l?uwsZu±ewlMnYsugl   ZegUsZIuwZSdgrsm£elyCewUsnd~yXsugl«ªCnY~!egnl}X²  l}Xmob^suwl   nqCZ=d `aÇ ÈVjsnoewdlyX~?rsuw~?
baº0º
IZV~sh~ % i	'w 	7i  D ·IFegl^egUXZIuwZSdgrsmoelyXewUsnqdYhlCCno®XZ=kFlmbc}slYnq~ym5¡¢rsuYZ
ewUslChndjX~?dfZ=
l?}egUXnd   ZSugbdgnoYsmZ¢Flmbc}slYnq~ym9~ysXugl«ªCnY~yegnl} ²E|sº~}X~+ew~jsmoZMegldzewluwZegUXZ^luwugZ=0egn}s"ewZuwYd¡
[ClkewUsZ   ~ymrsZ.lyegUsZ+dgZZ=nqd,±
 D ·CF7G  Dg·CF  Dg·CF*G ` Æ V · Æ   D ·IF ²ExKº
~&Í~
 
	 				 "!"	 #%$ &$ '( *)+$ 	"!, !	 ,$  
1 ...3x2xx1
100 ...x1 2x 3x
x =
10 1 0 0 0 03/2 = 0
...x 2x 3x1100













3/2 − x/2 =
ÄnrXugZ(Ì¹±`¯noZS}?e¢Z   ~ymrX~!ewnol?}&l»ewUsZ"El?mobc}sl?Yn~m  D ·IF*G 4 n V  n ¡
UXZuwZegUsZ
l?uguwZS
egn}segZSugY  D ·IF+nqd"ewUsZ&Cn9ZuwZ}XZjFZ
ezIZZ}ewUsZ&~?0ewrX~ymrs}X0ewnol?}S³©µ¶·­~y}EegUsZ
uwZSdgrsmoely  D ·IFIugl?rs}XCZ=ewlhegUsZ"l?rCegsrseincewUt±
 D ·IF*G ³· V p ` Æ V · Æ s ²¤ÌSKº
TVUsZ+luwugZ=dfFl}ECno}Xk~yuUsnoegZ=0egrXugZ.nqdVsugZ=dfZS}AegZS&n}ÄnrsuwZ - ¡
TVUsZhe~yjsmZkrEdfZ=egl&egUXZluwugZ=0ewno}segZSugYd¢UX~d r ¦§jsn£e+~?sCuwZSdwdfZ=dL²¨ewUsZjsnoewd.lyegUsZlFZu~y}E ·º
~}X i¦5jsnoe%l?uwXd¡TVUsZ¢®X}X~ym¼uwZSdgrsmoeR²7dfZSZS+º  D ·IFIUX~d r  mjsnoewdIUsZSugZ4mnd%egUXZ^}crsYkjEZSuVly»?rX~yu
jXn£edU²m ³iluIewUsZ.ugZ=








ÄnrsuwZ+±{Mmon}XYhZS}Aeily  ~y}X Ino}ewUsZ"®X}X~m±uwZSdgrsm£e=¡}Äsl?u r G"[h~}X mG ÉegUXZ"Z}XZu~!egl?uVn   ZSd
 "G }s¡
TVUsZY~no}©UE~yuCI~ugZl?dfe+lylrsukdfl?morCewnol?}©nd+l}sZDÆe  4F ¦5jXn£ekew~yjXmoZ~}X¬l}sZ D r  m;F§¦§jsn£e
~?sCnoegnl}n£ewUno}sXrCe¢~uguwb¡v¢CewnoYn¤S~!ewnol?}Xd~!einou
rsnoeimZ   ZSm±~yuwZ¢XugZ=dfZS}?ewZS&no}[cZ=0ewnol?}®E¡¬ }­~?sCnoegnl}ewlegUsZ0¼½¾ 3CZSdw
uwnosegnl}©lyewUsZ~uwUsnoegZ=0ewrsugZ?º}¿¹ÀÀsÁsÂÀ¹Ã?Z}sZSuw~yegZ=d+~smlye(l










l?uguwZSdgEl?}XCn}s eglegUXZY~yªCnoYkrsY ZSuguwluiº+Xugl   nqCZS jcb­lrXu~yuUsn£ewZS
egrsuwZndr  m- ³jsn£ed"l?u"egUsZugZ=
nsuglCS~ym5¡TVUsZUsl?nZlyIegUsZluwugZ=0ewno}sewZuwYd  D ·CF(~}¬jFZCl?}sZegl
ZS}XdgrsugZ+egUsZ(dgZZ=   ~ymrsZ  D ·IFnqdinoegUsn}~ ³¶µ Æyrsmosndfew~}X
Z"ewlegUXZ+egUXZluwZ
ewnS~ym   ~morsZkly9³©µ¶·»¡iTVUsZ







































ÄnrXugZR®+±{Mssuwl«ªcnY~!ewnol?}luUA G ³©µ©·º r G `~y}XWmOG ³¡
~&Í~
 



































ÄnrsuwZ+±{isXugl«ªCnY~yegnl}Zuwugl?ul?uUA@G ³©µ¶·»º r G `~y}EWmG ³¡
TVUsZkEl?mobc}sl?Yn~m  l   ZuwZSdfegnY~yegZ=dIegUsZh~0ewrX~ym   ~ymrsZ(lA ²7dfZSZÄno?rsuwZ®lu^~y}nmomrXdfegu~!ewnol?}º0¡
TVUXZ}&egUsZ+dgno?}l»egUXZ+Cn 9ZuwZ}E
Z.jEZez%ZSZ}  ~y}X Anqd~ymI~«bCd%uwZS~yegZu%egUE~y}luVZSpArX~m9egl¤ZSuglE¡{Ie
ewUsZ"nYhXmoZSYhZS}Aew~!ewnol?}&mZ   Zm5ºcegUsZ+luwugZ=0ewnol?}&~}&jFZ"nYhXmoZSYhZS}AegZSrXdgn}sez%ldglmrCegnl}Xd,±
  dzewluwZ.ElAdfnoegn   Z.l¼dgZ
ewdVn}egUsZ.e~yjsmZ %~}XEZSufl?ugY$~hdgrsjCewuw~?0ewnol?}  V
  dzewluwZ.}sZA~!egn   Z^l¼dgZ
ewdino}&egUsZ.e~yjsmZ %~}XEZSufl?ugY$~y}~sCnoegnl}   0¡
TVUXZjFZSdfedglmrCegnl}+CZSEZS}Xsdl}.ewUsZjX~?dfnqvZmmd~   ~ynm~jsmoZv~yeml!moZ   Zm5¡ uIlyewU(dglmrCegnl}Xd~yuwZElAdgdgnjsmoZ
rEdfn}s¿¹ÀsÀsÁsÂaÀ¹Ã ²7dfZSZR®X¡ - ¡ Ì#º0¡
ÄnrsuwZSd - ~y}E+dgUsl! egUE~!eewUsZ.~ymno?}sYZ}Aely  ~y}E lFZu~y}XXd~ymml! ewl(nYsugl   ZegUXZ^~?sCZu
~uwUXn£ewZS0ewrsuwZrXdgZS)eglEZSufl?ugY  0¡ ¬ }XCZSZS¼º%no} dfl?YZS~dgZSdkl}sZ~}­rXdgZno}XugZSYZ}AegZSuhZmmd
n}XdfegZ=~lyv~?sCZu^











	7    7	$ '
   -'"	 #  ./#	%0 %'+  		
{ dgnoYnm~u¢dglmrCegnl}nqd^suwlFl?dgZSlu¢egUXZhdwpArX~yuwZ(uwlclyeMuwZSnosuwlC~m7¡.TVUsZksZuwZZ¦%³(Yhn}snY~!ªEl?mobA¦
}XlYn~m¼lybA2D ·CF7G ³¶µ¹¸ ·n£ewU·M
³ NÆ:Moºs~y}X ÈÇ y(jsn£edly~S
rsu~bnd
³KÇ Æwy `o}4V ÊaÇ Æ}KÆ · ²¤Ì¹Ì#º
TVUsnqdFlmbc}slYnq~ym¼nqd
ml?dgZ¢ewl+±
 D ·IF*G ÈÉ V · É ²¤Ì=¹º















































egn}s(ewZuwYd  D ·IFVnoegU
 D ·IF*G ³¸ · V p ÈÉ V · É s ²¤Ì - º
TVUsZ¢~rsu~
b]²7
l?uguwZSdgEl?}XCn}s^egl.ewUsZiY~!ªCnY(rsY Zuwugl?uº»suwl   nqCZ=(jcb(l?rsu~uwUsnoegZ=0ewrsugZVnqdv~ymqdglr m o³ijsnoewdU²´³¶µ Æ[(u9ºl?uvegUXZ^dwpArX~yuwZiuwlAleuwZS
nsuwlC~ym5¡ÄnrXugZ=dI"~}X |"XugZ=dfZS}?eIugZ=dfFZS
egn   ZSmob












0$,1"2435+ Î 0 Î 16
~&Í~
 
































































	7    7	$ '
    	*&	V'. "
»¬ZUX~   ZhCZ   ZmlFZS ~suwl?uw~YegUX~ye.?Z}sZSuw~yegZ=dMl?CegnYno¤SZS~}X¬dfbc}AegUsZ=dfn¤S~jsmZL¼½¾  sZSdw
uwnoC¦
ewnol?}Xdvl±dfZSZS~yuUsnoegZ=0egrXugZ=drXdgno}s"l?rsuYZegUslC¼¡TVUsnqdvsuwl?uw~Yº~momZS¿¹ÀÀsÁKÂaÀ¹Ã¼º!nd%~  suwlu~yY
n}egZªAeiYlCCZ"~y}EsndfeguwnojXrCegZ=rs}ECZuewUsZLÅ^t mnZ}XdgZ¡B¬§enqdi~   ~ynm~jsmZ¢l?}ewUsZ » ZSj ­
Ì=¶°§¡
;U B /2:;/H> !$%(!:N5 (1!
	$=	I/<%(='*)
{MmomMegUsZ ¿ ÀÀsÁsÂaÀ Ã)E~yu~yYZ





ewZu YZS~}sn}s Fl?dwdgnojsmZ sZ
²~yrXm£e
  ~ssuwl«ªcnY~!ewZSrs}E0egnl} ²JA*º   l?u T¿ l?u T2   Ã ~ug?rsYZ}Aedfn¤ZX² r º Æ r  ³ ^  Â }ArXY(jFZulyrX~uw&jsnoewd²mº  ³&m É lu TÆ&m É lu T2  
mOG ³,l?u TmOGSÆ l?u T2  
 lsegnYhn¤S~yegnl} Ãlu}sZS?~!ewn   Z.l¼dfZeZ²7dfZSZ ®X¡ - ¡ Ì#º }Xlhl?CegnYno¤=~!ewnol?}
  ugZSnqdzewZu  

 lrCewsrCeil}Xmob no}sXrCeil}smb jElegUno}XsrCeM~y}E&l?rCegXrCe }sluwZ?ndfegZSu
T~yjXmoZ(Ì¹±]~no}X~uw~YZ
egZSuwdIdgrssFlugegZSjcb ¿¹ÀÀsÁKÂaÀ¹Ã¼¡




n}egUsZ.e~yjsmZX² dgZZ ®E¡ - ¡
Ì©ºi±
¿¹ÀÀsÁsÂÀ¹Ã    Ã
¿¹ÀÀsÁsÂÀ¹Ã   ¿  Ã     
 Ã
;U   ! )U!:;/<%(!












	 				 "!"	 #%$ &$ '( *)+$ 	"!, !	 ,$  Ì -
V<V  	'}	$,	+ 		+;@	'C*	a#t'	 
V<V  a 6 

   V<V '9+©,O' 
 KV<V '  	  

"!iF µ ¬ E 
% ´[¬ E¡z[TD¾$# ±Å¬  #Ì©Ì¯#®¡ &%% 
% ´[¬ E¡²[«T¾'# EÅD¬  #{v¬¨T½¡ &%% 
% ´[¬ E¡²[«T¾'# EÅD¬  #bav½[#¬ ÅI½Ht¾h¡ (%% 
´) *!w µ,dyZXZX !«
+ ¸ A ²
ª ± ! ) dyec,#mwl»»n#   ZFCe?luO² ¹ ¸X·-)  ¸º 
u ± ¸  dyec,#mwl»»n#   ZFCe?luO²i® ¹ ¸X·-)  ¸ Oºº 
´.) ¹ dZsZX 
»E/,!w ´ F V ´dZEZEv~»uAXU ¸10 dZsZX !=
2!43 )   }Fª ± dyec,#mwl»»n#   ZFCe?luO² ¹ ¸X·-)  ¸º 
2!43 )   eCjIm\± dyec,#mwl»»n#   ZFCe?luO²
 ¹ ¸X·-)  ¸º 
 ´ 35! )
· !§6/ ª  ´  ´ ±
ecjIm8719;:c1: · / ´<)=:XEF>:Mº V<V 
:Ì?: · / ´<)=:XE@Ì:Mº V<V@

:Ì?: · / ´<)=:XOÌc>:Mº V<V@

:Ì?: · / ´<)=:XOÌÌ:Mº V<V@

:Ì?: · / ´<)=:tÌAF>:Mº V<V@

:Ì?: · / ´<)=:tÌA@Ì:Mº V<V@

:Ì?: · / ´<)=:tÌÌc>:Mº V<V@

:c1: · / ´<) ¸ / ´ s  VV 
}FªA719B)v¸  ª 
uC719<²:C@Ì?:EDi}EªGº0V<²:E99FF:GDkeCj%maºIHJ:s999&Ì?: 
















{IeImol! mZ   Zm5ºewUsZÃ 
 8kjXmolC°hno}PÄnrsuwZ - sZFZ}XsdIl?}egUsZ¢noYsmZYZ}Ae~!egnl}ew~yuwZeS¡Äsl?un}Xdze~y}XZº
l?}dfl?YhZ ÄtDÅ.{¢degUXZ+ZS}sZu~!ewZS~?sCZSuiUX~dlYsmZYZ}AewZSno}XsrCewd²n}egUX~yeM~?dfZ^egUXZ Ã 
 8jXmolC°
nqd   nufewrX~ymº0¡TVUsZ
l?}Xdfew~y}Ae+jsnoewd(ly9·­~}X  D ·IF+~ugZsuwlX~?~yegZSeglewUsZ~?sCZu(no}sXrCe(rXdgno}XegUsZ
dgbc}AegUsZ=dfnqdIeglclm5¡
	
  ´ 3FC ! ´  ´ S






  n£ewU­Fl?dgn£ewn   Z
l?uguwZS
egn}segZSugYd+~y}X)rXdfn}s~ dfrXjCegu~
egnl}  V .egl lYsrCewZewUsZ&dgZZ=
  ~ymrsZº
  lunoegU}sZS?~!ewn   Z^luwugZ=0ewno}skegZSugYdi~}X&rXdfn}s~y}~XCn£ewnol?}   0¡
TVUsZ®Xuwdfe(dglmrCegnl} ²¨ewUsZCZ²~yrsmoe(l?}sZ#º.mZS~?sd.ewlez%l~?sCnoegnl}Cvydfrsjsegu~0ewnol?} l?EZSuw~yegl?uwd.~y}E¬~DÆe  4F ¦5jsnoe+e~yjsmZ¡TVUsZdfZ=























, I 	 	5+:;/ 	"F -0! 59+ D{%;5
¢rXudglmrCewnol?})suwl   nqCZ=dkdgZZ=sd²¨luuwZSnoXuglC~m%~}X dwpArX~yuwZuwlclyeugZ=
nsuwlcS~ymº"noegU ~y} ~rsu~
b
lM~!e(YlAdze³©µ Æ [(u n£ewU)Ilusd"l} r  m jsnoewdS¡ TVUXndh
l?uguwZSdgEl?}Xsd.ewl~Y~yªcnY(rXY ZSuguwlu+l
~ye(Yl?dfe Æ dSe R









	 				 "!"	 #%$ &$ '( *)+$ 	"!, !	 ,$  Ì«
A  m  r Y ®  ¯  | x ÌS Ì¹Ì Ì=T
 Ì Yhn}±¡ ¯X¡ ¹® c¡ ? |s¡ aÌ xX¡ ? ÌSX¡ ? Ì¹Ì?¡ ? Ì«C¡  Ì - ¡  Ì7®E¡ ?~   X¡ ¯X¡ x? c¡ xaÌ xs¡ ÌS Ì=s¡ A Ì¹Ì?¡ A Ì¹Ì?¡ x6x Ì«C¡ xA Ì,®X¡  Ì7®E¡ x6x
 Yhn}±¡ C¡ K¯ |s¡ A xs¡ aÌ Ì=s¡ aÌ Ì¹Ì?¡ ? Ì=s¡ ? Ì - ¡  Ì,®X¡  Ì=s¡ ?
~   X¡ |X¡
Ì#¯ xs¡ ¶® ÌSs¡ ? ÌKÌ¡ ÌS Ì=s¡ A Ì=s¡ x6| Ì,®X¡  Ì«C¡ aÌ Ì,¯X¡ +Ì
- Yhn}±¡ |X¡ c xs¡  - ÌSs¡ aÌ ÌKÌ¡  Ì=s¡ ? Ì - ¡ ? Ì,®X¡  Ì«C¡  Ì,¯X¡ ?
~   X¡ xX¡
Ì#¯ ÌSX¡
ÌKÌ Ì¹Ì¡ Ì7® Ì«C¡  ® Ì=s¡ x - Ì - ¡ x6x Ì«C¡ ? Ì«C¡ xox Ì«C¡ +ÌT
2   Yhn}±¡ C¡
ÌKÌ |s¡  - xs¡ ? Ì=s¡  - Ì¹Ì?¡ ? Ì=s¡ ? Ì - ¡  Ì,®X¡  Ì=s¡ ?~   X¡ |X¡ A |s¡ |A ÌSs¡ Ì= Ì=s¡ xo| Ì=s¡ ? Ì=s¡ x6| Ì - ¡ xo| Ì«C¡ ? Ì,¯X¡ A
- Yhn}±¡ |X¡  - xs¡ ? ÌSs¡ ? ÌKÌ¡ aÌ Ì=s¡ ? Ì - ¡ ? Ì,®X¡  Ì«C¡  Ì,¯X¡ ?
~   X¡ |X¡  ¯ ÌSX¡ ? Ì¹Ì¡ ? ÌKÌ¡ xA Ì=s¡ xc Ì - ¡ xc Ì«C¡ aÌ Ì#¯s¡ ? Ì«C¡ +Ì
® Yhn}±¡ xX¡ A ÌSX¡ 6| Ì¹Ì¡  - Ì«C¡  Ì - ¡ ? Ì7®E¡ ? Ì«C¡  Ì#¯s¡  Ì«C¡ ?
~   X¡ ÌSX¡ A Ì¹Ì?¡
Ì#¯ Ì¹Ì¡ x? Ì«C¡ |A Ì - ¡ xc Ì=s¡ ? Ì«C¡ xox Ì!c¡  Ì«C¡ x6x















































	7    7	$ '




ÄnrsuwZÌ¹ÌMsugZ=dfZS}AewdewUsZMZ FZ=0egn   Z¢Zuwugl?uluI~ymmsegUXZ   ~ymrsZSdlyt·&no} M
³ NÆ:My~}Xl?u%dgZ   ZSuw~m   ~ymrsZSd
l r ¡¢}egUsnqd^®X?rsugZ?º9egUsuwZZ~?dfZ=d¢~ugZhsuwZSdgZ}AegZ=*± r G ÈCº r G ^~y}X r G y5²7~ymmn£ewUmGN³©º0¡















































r G È ²E`KÆEl?no}Aewdº0ºYnqsCmZ&
rXu   Zlu r G ^ ²E^¹ÉFln}?ed%º(~y}XjFlyegegl?Y rsu   Zlur G y0²¤³#Æ[hFln}Aewdº0¡
ÄnrsuwZÌ="sugZ=dfZS}AewdewUsZMZ FZ=0egn   Z¢Zuwugl?uluI~ymmsegUXZ   ~ymrsZSdlyt·&no} M
³ NÆ:My~}Xl?u%dgZ   ZSuw~m   ~ymrsZSd
lm9¡¢}ewUsnqd^®XrsuwZº9ewUsuwZZ~?dfZ=d¢luwugZ=dfFl}Xsno}segl&egUsZuwZSnosuwlC~m~}X r G ^~yuwZkXugZ=dfZS}?ewZS*±mG ³º mGSÆh~y}XWmOG `²7~ymm¼n£ewU@mOG ³©º0¡%¢}&egUsnqdI®XrXugZ"~ymqdglXºcl}sZ"S~y}   Zuwn£begUX~yeIewUsZ"ZuwuwluInd
~moV~«bCdmZSdwdIegUE~y} ³©µ¹Æ [;u UsZuwZ^egUsZSugZ^egUXZ"%ZSno?U?elewUsZ [(u nd"Æoe R ¡
,  (1!!
9/b)  (= $!"-0! 59+D{%;5
TVUXZ
l?YhXmoZegZrÄtDÅ.{`noYsmZYZ}Ae~!egnl} E~yu~yYZ
ewZud~y}X uwZSdgrsmoewd~ugZuwZFlugegZ= no}3[CZS0ewnol?} {+¡
ÄnrsuwZrÌ - suwZSdgZ}Aed+ewUsZ~yuwZS~~}X­dgEZSZS­ugZ=dfrsmoewdhl?} [cX~ufe~y} - ÄtÅ.{Md ² X~!ew~ Z
ªcewuw~?0egZ=uwlY
[CZS0ewnol?}3{(¡
Ì©º0¡N¬ }QegUsnqd&®XrsuwZºMegUsZUsl?ugn¤l?}Aew~ym^~!ªCnqduwZsuwZSdgZ}AedewUsZ l?EZSuw~}X nqcewU r ¡ TVUsZ
~&Í~
 










































ÄnrsuwZPÌ«±   lmrCegnl}lvegUXZkZSuguwlul?u^dgZ   Zu~ym   ~morXZSd¢lybm~y}XegUsZkugZ=
nsuglCS~ymD² r G ^sºFn5¡ Z?¡oº^¹É
Fln}Aewdº0¡½Mluwno¤Sl}Aew~m±~!ªCndMnd"·»¡9¼ZSufewnS~ym~yªCndnqdiZSuguwlu² moZ¨e^dw~moZ©º~y}XZSuguwluZªCsugZ=dgdgZSn} [(uVd
² ugnUAeidw~ymZ#º
















 4  5  6  7  8  9  10  11  12












 4  5  6  7  8  9  10  11  12









 4  5  6  7  8  9  10  11  12









 4  5  6  7  8  9  10  11  12
Clock period for 1/sqrt(x) [ns]
Äno?rsuwZ Ì - ±¬ YsmZYZ}Aew~yegnl}uwZSdgrsm£edVl}[cX~ufe~y} - ÄtDÅ.{+¡
































elCewnol?}z²¨luuwZS~?dfl?}X~yjXmoZ   ~morXZSdVly r º0¡
~&Í~
 



































































ÄnrsuwZ(Ì=a±&¬ YX~?0eil  {"¾ eglclmqdVlsegnl}XdVl?}ewUsZ+~yuwZS~h~y}XdgEZSZSl}ÄtDÅ.{MdS¡
~&Í~
 
	 				 "!"	 #%$ &$ '( *)+$ 	"!, !	 ,$  aÌ















rEdfn}srs}sl?CegnYno¤SZS&ew~jsmoZ.noegU5Æe  D r  m  ³ FIjsn£ed¡
T~yjsmZ - XugZ=dfZS}?ed¢egUsZ
l?YX~yuwndgl}ugZ=dfrsmoewd¢l?u¢ewUsZugZ=
nsuwlcS~yml} egUsZ[cE~yugew~y} - ÄtDÅ.{ ~y}E












²~?0ewluVrseglPÆaÇ Èh~y}E&~ugl?rs}X]ÉsÊsË dgFZZSnYsugl   ZYZ}Ae
l?YhE~yuwZSeglhegUsZ"l?CegnYno¤SZSdglmrCegnl}±¡
CnuwZS0e l?CegnYno¤SZS ¿¹ÀÀsÁsÂÀ¹Ã
i^] ~ugZ=~ ~ugZ=~ FZuwnolC ~yuwZS~ FZuwnlc
}  dgn¤Z ­  uD° ­   uD° ­ }Ed´° ­   uD° ­ }Xd´°y Æ ³#Æo[¹Ê [KÊ Èwy ³¹³¹Ç y `o` }aÇ Ê[ Æ Æ[+³ ^ ³ y ^ ³#Êo} ³#ÆÇ y É6[ }aÇ Æ} Æ ^a³,É¹É `6[ É ÆKÆ6y ³7É+Ç y [o} ³,Ê+Ç ^
³,Ê Æ ³ `o`+³#Æ [6`KÆ ÉKÉ6[ ³ ^aÇ É ³ y [ ³¹³KÇ }



















UE~d¢jEZSZ}nYsmZYZ}AegZ=n}  Xugl?u~yY CndfeguwnjsrCegZ=rs}ECZuÅ^t  monq
ZS}XdgZ¡"TVUsnqd¢Xugl?u~yYºES~ymmoZ=













ÉsÊsË dgFZZS&nYhXugl   ZYZ}AeS¡
     « 	i 	*('.
 +*#$	&0







¬ } l?uwsZuewl­~   l?n ewUsZuwlrsegn}s)ly+ml}X)X~!ewU n} egUsZ no}XsrCe
v!lrCewsrCejsmolCSdl"egUsZYÄtÅ.{+º
uwZ?ndfegZSuwdV~yeIewUsZ"n}ssrCeM~}X&egUsZ"l?rCegsrseily»ewUsZ"lFZu~!ewluVUX~   Z¢jFZZS}~?sCZ=¼¡
I   8 > 1 D>!J> ! )7%(/<%;=>'*) -0! 59+ D{%;5 '*) (P14/2:(%(/2) '[B I
TVUXZnYsmZYZ}Aew~yegnl} ugZ=dfrXm£edhluhegUsZ[CX~yugew~} - ÄtDÅ.{²ªs - d®??!¦5¨e? ¯!¦ ®noegU - o| ® dgmnZSdn}





b ­+jXn£e° e~yjsmZ ~yuwZS~ EZSugnlC ~yuwZS~ FZuwnolCr Yno}snY~ym ~   ZSuw~Z dgn¤Z ­kdfmnZ° ­ }Xd¤° ­ kdgmonq
Z7° ­ }Xd¤°
É ^aÇ Ê ^+Ç } Æ  Æ ` `aÇ ³ È ^+Ç Æ
È yÇ Ê yÇ } Æ  @` ³,Ê [aÇ ³ [ ^+Ç É^ [aÇ Ê }+Ç
³ Æ 0É ³ y }aÇ Æ ³#È yÇ }y }aÇ Ê ³,Ê+Ç Ê Æ È `¹Ê ³,Ê+Ç Ê `o` }+Ç Æ[ ³,ÊaÇ Ê ³¹³KÇ Ê Æ @^ È¹È ³,Ê+Ç É É6[ }+Ç Ê} ³¹³¹Ç Ê ³¹³KÇ } Æ	 By }KÈ ³¹³KÇ É [o} ³#ÊaÇ ^
³,Ê ³#ÆÇ Ê ³#ÆaÇ } Æ T M @[ ³ y©É ³7ÉÇ Æ ³ y[ ³K³¹Ç }
³¹³ ³ `aÇ Ê ³7ÉÇ Ê Æ T T @} `o`KÈ ³#ÈaÇ
³ `o`6[ ³.`aÇ `
³#Æ ³7É+Ç Ê ³7ÉÇ } Æ Tn  ³#Ê ^o`o^ Æ³KÇ É ^ Éw` ³.^aÇ ³
T~yjXmoZR®+±¬ YsmZYZ}Ae~!egnl}uwZSdgrsmoewdIlu T l?}[CX~yugew~} - ÄtÅ.{+¡
I    8 > 1 D>!J> ! )7%(/<%;=>'*) -0! 59+ D{%;5 '*)  =>:;% !S@8(8
[B I
TVUXZinoYsmZYZS}?e~!ewnol?}ugZ=dfrsmoewdluvewUsZ¼¢nougegZª¬¬ÄtDÅ.{ ²ªC=   y?!¦5A? ¯!¦zVnoegU - A¢dgmnZSdn}egUXnd








b ­+jXn£e° e~yjsmZ ~yuwZS~ EZSugnlC ~yuwZS~ FZuwnolCr Yno}snY~ym ~   ZSuw~Z dgn¤Z ­kdfmnZ° ­ }Xd¤° ­ kdgmonq
Z7° ­ }Xd¤°
É yÇ ³ [+Ç Ê Æ  @` [ yÇ } ^ ÈaÇ [
È [aÇ Ê [+Ç [ Æ  0É ³ ` [aÇ È } yÇ Ê^ }aÇ Ê ³,Ê+Ç
³ Æ 0É ³ ^ }aÇ Ê ³7É [+Ç Êy ³,ÊaÇ Ê ³,Ê+Ç } Æ È Æ[ }aÇ } Æ[ }+Ç }[ ³¹³¹Ç Ê ³#ÆaÇ Ê Æ @^ É6[ ³,Ê+Ç Æ É¹É }+Ç Ê} ³#ÆÇ Ê ³#ÆaÇ } Æ	 By }o` ³¹³KÇ Æ }KÈ ³#ÊaÇ É
³,Ê ³ `aÇ Ê ³ `+Ç } Æ T M @[ ³ ^o` ³#ÈaÇ ` ³#ÈKÈ ³K³¹Ç É
³¹³ ³7É+Ç Ê ³#ÈaÇ Ê Æ T T @} `KÆ¹È ³#ÈaÇ y `a³.} ³.`aÇ ^
³#Æ ³#ÈÇ Ê ³ ^+Ç Ê Æ Tn  ³#Ê ^a³ ^ ³ }+Ç È ^KÆo` ³.^aÇ Æ









b ­+jXn£e° e~yjsmZ ~yuwZS~ EZSugnlC ~yuwZS~ FZuwnolCr Yno}snY~ym ~   ZSuw~Z dgn¤Z ­kdfmnZ° ­ }Xd¤° ­ kdgmonq
Z7° ­ }Xd¤°
É ^aÇ Ê ^+Ç } Æ  Æ ` `aÇ Æ È ÈaÇ `
È yÇ Ê yÇ } Æ  @` ³,Ê yÇ È [ ^+Ç Ê^ [aÇ Ê }+Ç
³ Æ 0É ³ y [aÇ ^ ³#È ^+Ç }y }aÇ Ê ³,Ê+Ç Ê Æ È `¹Ê }aÇ É `o` yÇ [[ ³,ÊaÇ Ê ³¹³KÇ Ê Æ @^ È¹È ³,Ê+Ç Ê É6[ [+Ç É} ³¹³¹Ç Ê ³¹³KÇ } Æ 	 By }KÈ ³,Ê+Ç Ê [o} ³#ÊaÇ Ê
³,Ê ³#ÆÇ Ê ³#ÆaÇ } Æ T M @[ ³ y©É ³ `+Ç
³ ³ y[ ³#ÊaÇ Ê
³¹³ ³ `aÇ Ê ³7ÉÇ Ê Æ T T @} `o`KÈ ³ `+Ç
³ `o`6[ ³K³¹Ç `
³#Æ ³7É+Ç Ê ³7ÉÇ } Æ Tn  ³#Ê ^o`o^ ³7ÉÇ Æ ^ Éw` ³©ÆÇ È
T~jsmZR¯+±B¬ YsmoZSYZ}Aew~yegnl}ugZ=dfrsmoewdIl?u T l}¼MnugegZ
ª¬¬DÄtDÅ.{+¡









egnl}±ºsnoegU r G ³#Êh~}XWmOG ³?ºcegUsZ+molC°FZuwnolCndR³K³¹Ç }}Xdlu
ewUsZ([cX~ufe~y} - ~y}Er³#ÊaÇ Ê}Xd%luVewUsZ ¼MnufewZ
ª¬¤¬0¡
Í@ÍÏÎ¶Ð+ÑÒÓiÔ
 ®   	K©$K
	    









 4  5  6  7  8  9  10  11  12










 4  5  6  7  8  9  10  11  12









 4  5  6  7  8  9  10  11  12










 4  5  6  7  8  9  10  11  12





b ­+jXn£e° e~yjsmZ ~yuwZS~ EZSugnlC ~yuwZS~ FZuwnolCr Yno}snY~ym ~   ZSuw~Z dgn¤Z ­kdfmnZ° ­ }Xd¤° ­ kdgmonq
Z7° ­ }Xd¤°
É yÇ ³ [+Ç Ê Æ  @` [ yÇ Æ ^ ÈaÇ É
È [aÇ Ê [+Ç [ Æ  0É ³ ` yÇ ^ } ^+Ç É^ }aÇ Ê ³,Ê+Ç
³ Æ 0É ³ ^ [aÇ É ³7É yÇ yy ³,ÊaÇ Ê ³,Ê+Ç } Æ È Æ[ }aÇ È Æ[ [+Ç É[ ³¹³¹Ç Ê ³#ÆaÇ Ê Æ @^ É6[ }aÇ y É¹É [+Ç y} ³#ÆÇ Ê ³#ÆaÇ } Æ	 By }o` ³,Ê+Ç
³ }KÈ }+Ç [
³,Ê ³ `aÇ Ê ³ `+Ç } Æ T M @[ ³ ^o` ³¹³KÇ ^ ³#ÈKÈ ³#ÊaÇ `
³¹³ ³7É+Ç Ê ³#ÈaÇ Ê Æ T T @} `KÆ¹È ³ `+Ç Æ `a³.} ³K³¹Ç Æ
³#Æ ³#ÈÇ Ê ³ ^+Ç Ê Æ Tn  ³#Ê ^a³ ^ ³7ÉÇ ` ^KÆo` ³©ÆÇ Æ
T~yjXmoZ(±¬ YsmZYZ}Ae~!egnl}uwZSdgrsmoewdIlu T2  l?}0¼¢nougegZª¬¤¬GÄtÅ.{+¡
~&Í~
 






  Ã9 
s¡
­ ¶°+[¼¡,ÄI¡={M}XCZSuwdgl}±ºX¡©Åh¡L~ugmZº«"¡i¡©Å^l?mXdgUsYnqceSº«~y}EZ¾(¡=]©¡tl!IZud¡!TVUsZ¬>uV] dgbcdfegZSYWv - ¯?
YlCCZSm xaÌK±Äml?~yegn}sy¦§El?no}AeZ
ªCZ=
rCewnol?}&rs}Xn£e=¡,   i'$  º*Ì¹Ìs²´Ì#º± - ®   - ºA~y}crX~yuwbÌ xK¯Ac¡­ - °Z¾k¡O¾^~d+[C~ugY~&~y}XY¾(¡O»¡±]~!ewrsm~X¡ÄE~ynoegUCrsmjsnoE~yugegnoegZi^] uwZS
nsuwlC~yme~yjsmZSdS¡L¬ } 
< 
   ¶"a¶i[ '  	7i X	g ºAX~ZSdGÌ!  |s¡©¬ E  lYsrCewZu%[ClcnoZezbº	rsmbÌ.xoxAC¡
­ ®¹°"])¡+¾(¡&vuwZ?l   ~?¢~}XT.¡ »~}sX¡   $¶*i(	7{g ¡v]l?ugA~y} z"~rCY~y}s}»ºXy - ¡
­ ¶°"])¡ ¬§eglEº?½+¡?T~°«~n5ºy~y}X[9¡y\~!xznY~X¡:¯
nZ}Aevn}snoegnq~ymX~ssuwl«ªcnY~!ewnol?}+luYkrsmoegnsmonq~yegn   ZCn   n£¦
dgnl}~y}XhdgpArX~ugZ%uglclejcb(~¢Y(rsmoegnsmnS~!ewnol?}knoegUlFZu~y}E+YlCCn£®F~!ewnol?}±¡ *  $¶'+$Kg¶'+




­ ©°E¡ ¦§]©¡I]rsmmoZSuS¡  
	7X	' $ "*'g¶'+   s¶i  $¶'  
	7(	7'+$¶g¶' ¡ uInug°cUrXdgZu=ºuIlAdzewl}±º*Ì.xoxAC¡




4    *  ¶+©i ¶'¶"	Xi(	7g º
E~yZ=dRÌSK¯  ÌKÌ=s¡¹¬    l?YsrCegZSuM[clC
nZ
ezb?ºX{isuwnmBÌ xox6xs¡­ x ° M¡AZSYZSdS¡9[crXuvrs}suwlC
|Ss|i
l}   ZuwZ}Ae ~yssuwl«ªCnoY~yegnl}XddgrXZSdwdfn   Z=dEl?rsuC|egZuwYno}XZuvmZSd
Flmbc}YZ=d ~ssuwl«ªCnoY~!ewnol?}±¡   !  "$K   7  9$ i  ºtÌ x6|a± y¹¯ -  y¹¯ACºÌ.x - ®E¡­ ÌS °.{(¡CTVndwdfZSuw~}X¼¡9dfZSZSC?Z}t±{Qnou
rXn£eIZ}XZu~!egl?ulu%ugZ=
nsuglCS~ymX~}Xn}   ZudfZidwpArX~yuwZiuwlclyedgZZSXd¡
  898 # 
   !	!"




Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
